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1. INTRODUCTION

Let C,(X) be the space of real-bounded continuous functions defined on a
normal space X with the norm

I/l = sup{| f(x)] : x € X}

and let G be a subset of C,(X). For fe Cy(X), g € G, and a real number A we
denote

B(fg)={xeX:|f(x)—gx)|=lf—gl— AL

DEermNITION 1 (see [7]). G has the weak betweenness property if for any
two distinct elements g and 4 in G and for every nonempty closed subset D
of X such that inf {] A(x) — g(x)| : x € D} > 0 there exists a seqeunce {g,} in
G such that

(i) lim;,..llg—gl=0,
and

(i) inf{[A(x) — g(0)][g:(x) — gx)]: xeD} >0

for all integers /.

DerFINITION 2. An element ge G is a best approximation to the given
feCyX)when || f—g| <||f— hl|lforall heG.

We have proved in [7] (generalizing [3, Theorem 1]) the following result:
Let us assume that G has the weak betweenness property. Thus, the following
theorem holds:

THEOREM 1.  An element g € G is a best approximation in G to a function

169
0021-9045/78/0242-0169$02.00/0

Copyright © 1978 by Academic Press, Inc.
All rights of reproduction in any form reserved.



170 RYSZARD SMARZEWSKI

Je C(X) if and only if there exists no such element h e G and such positive
e || f-- gl that
nf{[ /(%) -~ g)IA(x) — g(x)]: x € By(f, 8)} = 0
forail A, 0 < A <l e
Remark. We note that Theorem 1 has been formulated in [7] with the
following assumption : X is a metric space. However, reviewing [7, proof of

Theorem 1] we see that the above assumption can be changed to : X is a
topological space.

The main purpose of this paper is to prove that if Theorem | holds for
every f'e C(X) then G must have the weak betweenness property. In the case
when X is a compact metric space this fact was established in [6]. An imme-
diate consequence of this fact is that every set G having the betweenness
property {1] or being asymptotically convex [5] also has the weak betweenness

property.

2. MAIN RESULTS

THEOREM 2. If Theorem 1 holds for every fe C(X), then G has a weak
betweenness property.

Proof. Let us assume that Theorem 1 holds for every fe Cy(X) and for
a GCCyX). Let §;,i =1, 2,..., be a strictly decreasing sequence of positive
numbers convergent to zero. Let A, g be two distinct elements in G and let D
be a closed subset of X such that

r = inf{| A(x) — g(x)] : xe D} > 0.
To prove the theorem, we construct the sequence g, € G, i = 1, 2,... such that

(@ lg—g'l <3
and
(b) inf{{A(x) — g.()][g(x) — g(x)]: xe D} > Oforalli=1,2,...
First, we do this for i = 1.
Let
Z, ={xeX:|h(x) — gl < 7/2}
Uy ={xeX:hx)—gx) <—1/2}

and V, = X\(Z, U U,). Obviously D and Z, are disjoint closed sets. For all
dyadic rationals of the form

r=k/2", n=0,1,..and k =0, 1,..., 2"
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we define open sets 4, such that
Z,CA,, X\D = A, and 4, C A4, forall r <s.
The existence of these sets follows from the normality of the space X and

may be proven by induction on # as in [4, pp. 126-127].
Define the nonnegative function p, on X such that

pi(x) =0 forall xe Z,,
pi(x) = sup{r: x ¢ 4,}.
Now we prove that the function
8s1(x) = py(x) sign[a(x) — g(x)] 0)]

is continuous on X. Let € > 0 and x € X be arbitrary and let an integer » and
a dyadic rational r be such that

2" L e and  p(x) <r < px) + 272,
Let us define the open set H, containing x as follows:
H,= (A\A,_,-) N U, if xe Uy,

= (AT\ZT_z—n) N Vl lf X € Vl s
= Ay if xe Z,

where we understood that A, = @ if s <0 and A, = X if s > 1. Then we
have for all ye H,

Psi(x) — s = [ py(x) — pu( <27 ifxe U, UV,
and
| 5:(x) — s:{(D = | sV < | pu(W <2 ifxeZ.

Hence the function s; is continuous on X.
Define the continuous and bounded function f; on X by

Si(x) = g(x) + pysi(x) 2
where

0 <pm <0.5min{s,, 7} 3)
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Note that we have

Ifi ~ gl =1fix) — g =p; forall xeD. )

Now we prove that g is not a best approximation to f; in G. Because for all
0 << A < u; we have

Bifi,@=xeX:imlsiX)) Zp — A ={xeX:uyp(x) 2p — A}

and hence B,)(f; , g) C X\A4, for all dyadic rationals such that 0 <r < 1 —
(A/py) then, for all x € B\(f;, g)

[i(x) — g)NA(x) — g()] = pu pr(X)] h(x) — g(x)|
= (w1 — D Ax) — )| = (1 — A)(7/2) > 0.

Hence and from Theorem 1 the function g is not a best approximation in G
to f; , i.e., there exists a function g, € G such that

A -l <lfi—gl=p. &)

Hence, from the triangle inequality for a norm and from (3) we have

g —&ll <8y, (6)

i.e., condition (a) is satisfied for i = 1.
Because, from (4) and (5)

|A() — &0l <[Ai(x) —gx)}  forxeD Q)

then for every such x we have

sign[g:(x) — g(x)] = sign[f1(x) — g(x)] = sign[h(x) — g(x)]. ®
Hence and from (3), (4), and (5) we obtain for all xe D

[£1(x) — g()][A(x) — gu(x)]
= | g1(x) — g(X)I[A(x) — g.(x)] sign[A(x) — g(x)]
= [ A(x) — g(x) — [fi(x) — &) Alx) — g(x)| — | g1(x) — g(x)])
= (|AK) — g — 1AKX) — g()DQuy — 1A — &l = 1A— gD
= (g — | AKX) — @D — 1A — &) = — 1A — &) >0.

This implies that condition (b) is satisfied and the proof for i = 1 is com-
pleted.
Because

lgx) — g Zp — i — &£l >0
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for all x € D then we have
7, = inf{| g(x) — g(x)| : xe D} > 0. ©)]

Now, replacing # by g, , 7 by 7, , and §, by &, and using (9) we may construct
with the small modifications of above statements the element g, in G such
that conditions () and (b) are satisfied. We do this briefly.

Define the sets

Z,={xeX:|g(x) — gx)| < 7/2},
Up={xeX:gx)—glx) <—7/2},
Ve = X\(Z, U Uy).

Additionally, construct as above the continuous nonnegative function p, and
set

$3(%) = po(x) sign[ g:(x) — g(x)], (1)
So(x) = g(x) + pasy(x). 29
where
0 < py < 0.5min{u,, 8, , 74}, 39
Ifo — gl =1/ilx) —gx)| =p, forall xeD. “)
Similarly as above we may prove that there exists g, € G such that
1fo — &l <lfp—gll=p. (59
and
g — gl <0, (69

i.e., condition (a) is satisfied for i = 2.
Because by (4') and (5) it is

[ fo(x) — &a(0)] < | fo(x) — g(x)] ()
for all x € D then we have from (1'), (2), and (8) that
sign[gy(x) — g(x)] = sign[fx(x) — g(x)] = sign[h(x) — g(x)]. (&)
Hence and from (3"), (4'), and (5') we obtain
[82(x) — g()A(x) — ga(x)]
= | go(x) — gI( A(x) — g — | g(x) — g(x))
= (1 f(x) — g(0)] — | fo(x) — gD A(x) — g()] — | go(x) — g(x)])
2 (pe — 1 fo — 8D — 1 fo — g2l — 1o — gl

Z (pe —Ife — 8DQu: — 1z — &l —IIo — gD
=(p2 — lfs — &I)* > 0.
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This implies that condition (b) is satisfied and the proof is completed for
i=2.
Because

| go(x) — g(x)] Z g — fi— 8 | >0
for all x € D then we have
7, = Inf{] gy(x) — g(x)| : x€ D} > 0. 9)

In generally, replacing g;_, by g1, 7;» by 7,_,, and 3,_, by 8, we may
analogously as for i = 2 construct g; € G for i = 3, 4,... satisfied conditions
(a) and (b). Therefore, the proof is completed |}

COROLLARY 1. A necessary and sufficient condition that Theorem 1 hold
Jor every fe Cy(X) is that G has a weak betweenness property.

Now we shall give an example of a subset in C[—1, 1] which does not have
a weak betweenness property.

ExXAMPLE. Let P, be the set of all polynomials of degree <2 and H be the
set of so-called H-polynomials [2], i.e., polynomials of the form - (ax? +
bx + ¢)* + d defined on interval [—1, 1]. Define G = P, U H. It is known
[2] that G is a closed set and that for each function fe C[—1, 1] there exists
the best approximation in G.

We claim that G does not have the weak betweenness property. Let

g(x) = (64/45)(x* — §)* — 3,

h(x) = x.
Then
g(3) = g(—1) =g(l) =g(—1) =0
x=0 and x = -=4($)1/2 — extremal points
g0 =13 (=B = —1

Let us set, for example, D = [—1, I\E, %).

Now we prove that there does not exist a sequence of functions {g;} in ¢
lying strictly between g(x) and A(x) for all x € D and uniformly convergent
on D to g. Indeed, such polynomials for sufficiently large / must have four
zeroes x; < —1, —% << x, <€ 0, § << x3 << x, << | and three extremal points
V1€ (X1, Xp), Yo € (X, X3), and y3 € (x5, x) such that g y1) < —3,84y2) >0
and —% << g;(y5) << 0 (see Fig. 1). This is obviously impossible in P, .
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Because every H-polynomial in H with three distinct extremal points has
such a property that two from these points are zeores of ax? +- bx + ¢, i.e.,
two minimum values are equal then such sequence { g;} does not exist also in
H. Therefore, G does not have the weak betweenness property. Hence and
from Corollary 1 there exist the functions in C[—1, 1]\G for which Theorem 1
does not hold (see also [2]).
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